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Evaluation of Ultrasound Technique for Solid-Propellant
Burning-Rate Response Measurements

Jeffrey J. Murphy¤ and Herman Krier†

University of Illinois at Urbana–Champaign, Urbana, Illinois 61801

The development of an ultrasound technique for precisely measuring the instantaneous regression rate of a
solid-rocket propellant under transient conditions is reviewed. The technique is used to measure the burning-rate
response of several solid propellants to an oscillatory chamber pressure with a frequency of up to 300 Hz. This
measurement is known as the propellant’s pressure-coupled response function and is used as an input into rocket
stability prediction models. The ultrasound waveforms are analyzed using cross-correlation and other digital
signal processing techniques to determine burning rate. Digital methods are less prone to bias and offer greater
� exibility than other techniques previously used. The resulting data are corrected for compression effects. The
effects of a changing thermal pro� le on the measurement are discussed. Other phenomena that may corrupt the
measurement, such as surface roughness, are also covered. Results of the experiments are compared to data from
two other measurement techniques: a T-burner and a magnetic � owmeter.

Nomenclature
A = quasi-steadygas-phase and solid-phase reaction layer,

homogeneous,one-dimensional solid (QSHOD)
parameter, .@ Pr=@Ts/p

A = amplitude, or envelope function
aT = temperature shift factor
B = QSHOD parameter, .@ Pr=@T0/p

C = group velocity
C1 , C2 = Williams–Landel–Ferry (see Refs. 28 and 51)

constants, see Eq. (26)
c = phase speed
d = particle diameter
f = frequency, or arbitrary function
G = spectral density function, or shear modulus
g = arbitrary function
h = propellant height
i = .¡1/1=2

K = bulk modulus
k = wave number
M = bulk longitudinalmodulus
n = QSHOD parameter, .@ Pr=@p/T0

ns = QSHOD parameter, .@ Pr=@p/Ts

P = principal part
p = pressure
R = cross-correlationfunction
R = response function
Pr = burning rate
T = period, or temperature
t = time
u = particle displacement in wave equation
w = integration variable
x = distance
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® = attenuation coef� cient
1t = round-trip time
1x = propellant thickness
± = round-trip time
±² = experimental error
¸ = QSHOD condensed phase eigenvalue,

de� ned in Eq. (21)
º = Poisson’s ratio
» = thermal boundary-layer thickness
½ = density
Ä = nondimensional frequency
! = frequency
j j = magnitude of a complex number
arg² = phase of a complex number
h i = averaged quantity

Subscripts

eff = effective
f = � nal value
i = imaginary part, or initial value
r = real part
s = surface
0 = reference value

Accents and Superscripts

O = composite signal

N = steady-state quantity
0 = unsteady quantity

Q = Hilbert transform of a signal

Introduction

A TECHNIQUE for measuring transient burning rates of solid-
rocketpropellantsusingultrasoundis discussed.The technique

is applied to the problem of estimating the response of the burning
rate of a solidpropellant to pressureoscillations.This measurement,
known as the pressure-coupled response function, is needed for
predictingcombustion-driveninstabilityin solid-rocketmotors.The
transient burning-rate response also provides experimental data for
comparison with propellant combustion models.

It was only a matter of time after ultrasound pulse-echo thick-
ness measurement techniques were developed that someone would
apply the diagnostic to measure burning rates of solid fuels and
propellants. As early as 1964, one can � nd brief references to ul-
trasound measurements in hybrid solid-rocket motors in Sweden.1
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At the same time, similar techniques were being investigated at
universities in the United States2;3 and at NASA.4 Since then, the
techniquehas been developedmainly by researchersat ONERA,5¡8

although it has seen many uses by other researchers in the United
States9;10 and overseas.11¡14 A more thorough review of past and
current applications of ultrasound burning-rate measurement tech-
niques was recently published by Frederick and Traineau.15

Our work differs from that cited in that digital signal processing
technology is used to analyze the ultrasound pulse-echo data. To
our knowledge, no one had made wholesale use of digital signal
processing for propellant burning-rate measurement before 1995,
when we began this project. (Since then, researchers at ONERA
reported the use of digital techniques in a study of rocket insulation
behaviorusingultrasound.16 )Thesedigital techniquesoffersuperior
signal detection compared to analog methods and are much more
� exible.

Ultrasound is a well-proven techniquefor measuring steady-state
burning rates.Transientburningrates are a differentmatter. One can
� nd references to transientburning-ratemeasurements in the litera-
ture (e.g., Refs. 7, 8, 12, and 17–19). These papers generally include
the observationthat the techniquedoes not appear to work very well
for fast transients. Very little analysis has been done, however, to
determine what exactly are the limits of the technique. The study
publishedin Ref. 8 is notablein that it comparesunsteadyultrasound
measurments to the results of several other response measurement
techniques. The major goal of this paper is to quantify some of the
errors that arisewhen applyingan ultrasoundburning-ratemeasure-
ment technique under transient conditions.

This paper starts with a conceptual overview of the ultrasound
measurement technique. A brief discussion of physical acoustics
in solids follows. Then, the measurement system is covered. The
techniques for signal detection and processing are described next.
Compression of the propellantcaused by pressure, the thermal pro-
� le in the propellant, surface roughness, and other physical phe-
nomena that can distort the measurements are discussed.Measure-
mentsof thepressure-coupledburning-rateresponsefunctionof four
propellants are presented last. Data from one of these propellants
are compared with data from a magnetic � owmeter20 and from a
T-burner.21

Experimental Method
It is straightforward to make a simple thickness measurement

using ultrasound echo location.22 A pulse is sent into the sample
to be measured by means of an ultrasonic transducer coupled to
its surface. The pulse travels through the sample, re� ects from the
opposite surface, and returns to the transducer.The time that it took
the pulse to make the trip is recorded, and the sample thickness is
then determined by the formula

1x D c1t=2 (1)

where 1x is the thickness and 1t is the measured round-trip time.
The speed of sound in the material c is presumablydetermined from
previous measurements using samples of known length. Unre� ned
versions of this technique typically give a measurement resolution
of approximatelyone-quarterof a wavelength.23 Thus, it is desirable
to use as high a frequency as possible for the measurement.

The measurement of the burning rate of a solid propellant uses
the same concept. Thickness is measured repeatedly during the ex-
periment.The derivativewith respect to time of these measurements
represents the burningrate of the propellant.To make accuratemea-
surements of transient burning rates, however, high precision in the
ultrasound measurement is required. For practical reasons, such as
acoustic attenuation at high frequencies, ultrasound measurements
in propellantsare typicallymade with pulse frequencieson the order
of 1 MHz. The speed of sound in a propellant is around 2000 m/s.
These � gures yield a wavelength of 2 mm, which, using the tech-
nique outlined earlier, will result in a precisionof §500 ¹m in each
distance measurement. Solid propellantmay have a burning rate of
5 mm/s or lower. Thus, precise measurement of burning rate using
this technique would require very high numbers of measurements
per second and averaging over relatively long timescales.

Measurements are further complicated because propellant is not
an acousticallysimple solid.Modernpropellants,such as thoseused
in this study, are nonlinear viscoelastic particulate composites. A
burning propellant has a rough surface, which may or may not be
covered with melting binder and/or aluminum. The chamber pres-
sure compresses the propellant. The large temperature gradient in
the thermal layer at the surface affects the propellant density, speed
of sound, and acoustic impedance. We will deal with each of these
phenomena in the following paragraphs.

To improve the accuracy of the ultrasound method over the one-
quarter wavelength quoted earlier, one must use more sophisticated
techniques to detect the echo. Accuracy can be improved by several
orders of magnitude by measuring the phase of the re� ected wave-
form. For instance, Royer and Casula24 describe a techniquewhere
displacements of a moving surface are measured with an accuracy
of 0.1 nm using only a 50-¹m acoustic wavelength, a sensitivityof
2 £ 10¡6 times the wavelength. Similar results were obtained using
ultrasound interferometry.25

Some techniques for measuring propellant burning rates have
used methods that only approximatelymeasure the phase of the ul-
trasoundecho.For instance,one coulddetect certain peaks, troughs,
or zero crossings (e.g., Refs. 5 and 6) of the waveform. All of these
methods are based on the assumption that the detected feature of
the received echoes is essentially invariant. If this assumption is
violated, these estimates are likely to be biased.26 In some cases,
the bias error can be much greater than the standard deviation of
the measurement. Thus, care should be exercised in selecting a
technique.

Figure 1 shows a schematic of the propellantgeometry and ultra-
sound system. The transducer (Panametrics V614-SB 1-MHz un-
focused piezoelectric transducer) is separated from the propellant
by a buffer rod (Panametrics VHTD-4-1 delay line), which protects
the transducer from the hot chamber gases. Both the interface be-
tween the buffer rod and the propellant and the propellant surface
will return echoes. A typical echo trace is shown in Fig. 2. As the
propellant burns, its surface echo will move to the left on the chart.
The propellant thickness is calculated by measuring the movement

Fig. 1 Schematic of propellant geometry and ultrasound system.

Fig. 2 Typical ultrasound echo record.
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of the surface echo relative to the interface echo. Because the inter-
face echo is used as a reference, effects such as the compressionof
the buffer rod are accounted for.

A Ritec RAM-10000 ultrasoundsystem is used both to pulse the
transducer, at a pulse repetition rate of up to 10 kHz, and to receive
the resulting echoes. The echoes are recorded digitally at 25 MHz
using a Gage Systems CS8500 high-speed data acquisition board.
The data are postprocessed using MATLAB® and various digital
signal processing techniques to determine the relative movements
of the surface and interfaceechoes, thus determining thickness.The
details of these signal processing techniqueswill be covered after a
brief discussion of acoustic wave propagation in propellants.

Propellant Acoustics

Ultrasound wave propagation in a viscoelastic material is gov-
erned by the wave equation27

M .!/
@2u

@x2
D ½

@2u

@t 2
(2)

M.!/ is the bulk longitudinal modulus of the propellant. It is the
appropriatemodulus for one-dimensionalpropagationin an in� nite
medium,28 whichourgeometryapproximates.M .!/ is complexand
a function of frequency for viscoelastic materials and is related to
the bulk modulus K .!/ and the shear modulus G.!/ through the
relation

M.!/ D K .!/ C 4
3
G.!/ (3)

The bulk modulus and shear modulus are related to each other
through Poisson’s ratio:

K .!/ D ¡2

3

µ
º.!/ ¡ 1

2º.!/ ¡ 1

¶
G.!/ (4)

Poisson’s ratio for propellants is typically very close to 0.5 (see
Ref. 29). Thus, K .!/ is much larger than G.!/, and Eq. (3) is
dominated by the bulk longitudinalmodulus.

We will assume a solution to Eq. (2) of the form

u.x; t/ D A.!/ exp[¡®.!/x] expfi![t ¡ x=c.!/]g (5)

Substituting Eq. (5) into Eq. (2) and solving, we � nd that

c.!/ D
jM.!/j

p
½

p
2jM .!/j ¡ 2Mr .!/

Mi .!/
(6)

®.!/ D
!

p
½

2jM .!/j
p

2 jM.!/j ¡ 2Mr .!/ (7)

Because of the dependence of M on frequency, both speed of
sound and attenuation are also dependent on frequency; in other
words, viscoelastic material is dispersive.Note also that both c and
® depend on the square root of density. The preceding equations
representthepropagationof a continuouswave at a single frequency.
In our application, we send out a pulse, which can be represented
as a superpositionof many continuous waves:

Ou.x; t/ D
Z 1

¡1
u.x; t/ d!

D
Z 1

¡1
A.!/ exp[¡®.!/x] exp

»
i!

µ
t ¡

x

c.!/

¶¼
d! (8)

Althoughthe harmoniccomponentsof thepulse travel at different
phase speeds, the pulse itself travels at its own velocity, the group
velocity; this is the velocity at which information in the system
propagates.30 Formally, the group velocity is given in terms of the
wave number k.!/ D !=c:

C D @!

@k
(9)

Throughout the remainder of this paper, we will treat the distinc-
tion between phase velocity and group velocity somewhat loosely.
In every case where we go from the measured time delay to a dis-
tance, the proper value to use for the speed of sound is the group
velocity.

Our discussion so far has focused on the viscoelastic nature of
the propellant. Another propellant component that greatly affects
both dispersionand attenuationcharacteristicsis the oxidizer parti-
cles. As alreadymentioned, the combinationof polymer binder and
crystallineoxidizerparticles forms a randomparticulate composite.
A fair amount of research, both experimental (e.g., Ref. 31) and
theoretical (e.g., Refs. 32 and 33), has been conducted regarding
wave propagation in these types of materials. In general, the results
show that the acoustic attenuationwill peak at a critical normalized
frequency (the product of the wave number k and the particle radius
d=2) of order one. This is to be expected because the particles will
scatter very ef� ciently when the wavelength is approximatelyequal
to their characteristicdimension. The region where normalized fre-
quency is less than the critical value is known as the acoustical
branch, whereas the region where normalized frequency is greater
than the critical value is known as the optical branch. In the acous-
tical branch, particles move in phase with the surrounding matrix,
whereas particles move out of phase with the matrix in the optical
branch. There is typically a large jump in the propagation speed
when moving between branches.

Attenuation in our propellant, which has 200-¹m-diam oxidizer
particles, limits us to a frequency of around 1 MHz. The normal-
ized frequency is approximately 0.3, placing our experiment in the
acoustical branch. For the � ne oxidizer (2 ¹m diam) and binder
matrix, the normalized frequency is a much smaller 0.003.

Both the viscoelastic binder and the particulate oxidizer con-
tribute to frequency-dependent attenuation in the propellant. This
phenomenoncausesa pulse that has traveledthrougha thickpieceof
propellantto have less high-frequencycontentthanone thathas trav-
eled through a thin piece. The resulting shift in the peak frequency
can contribute substantial error in Doppler shift applications (see
Ref. 34).The shapeof thewaveformis alsoaffected,whichcancause
error in time-of-� ight measurements. The measurement technique
must, therefore, be chosen with care to minimize this type of error.

Signal Detection

Applicationof ultrasoundecho location to measure displacement
centers around estimating the time delay between two echoes.Time
delay estimation, which is an active area of signal processing re-
searchand development,35 is typicallydoneusinga cross correlation
formally de� ned for a � nite sequence of length T as

Rx y.¿ / D
1
T

Z T

0

x.t/y.t C ¿ / dt (10)

The value of ¿ at which the cross correlation has a maximum is
the time delay between the two signals.36 Cross correlation is an
unbiased technique for estimating time of � ight in nondispersive
systems26 and is relatively insensitive to changes in spectral infor-
mation due to attenuation.

The envelope of Eq. (10) is calculated by taking the quadratic
sum of the cross correlation and its Hilbert transform, that is,

Axy .¿ / D
£
R2

xy .¿/ C QR2
x y.¿ /

¤ 1
2 (11)

The maximum of the envelope function Ax y.¿ / is a better estimate
of the time delay than the maximum of the cross correlation Rx y .¿ /,
when testing a dispersive material. When no dispersion is present,
the two maxima will coincide.When dispersionis present,using the
cross-correlation maximum will introduce an error into the mea-
surement of up to §¼=!0 (Ref. 37) (§3.14 ¹s using a 1-MHz
transducer). The drawback to using the envelope function is that
its peak is very broad, and, thus, its placement is harder to de-
tect accurately. Therefore, we use the cross correlation rather than
the envelope function in our measurements. Because we are cross
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correlating two echoes, rather than a transmitted wave and an echo,
errors from dispersionare much less than the §¼=!0 quoted earlier.

Our ultrasoundsignals are sampled at 25 MHz, giving a time-lag
resolution of 40 ns for the cross correlation without interpolation.
This amounts to a spatialresolutionof about80 ¹m for the thickness
measurement.To improve this number, the maximum of a parabola,
� tted to thepointsin theneighborhoodof thepeak, is used to estimate
the time delay. Unfortunately, this technique is not free from bias,
with both the variance and the bias depending on signal-to-noise
ratio, signal and noise bandwidth, and the location of the delay
between samples.38;39

As the propellant thickness approaches the acoustic wavelength,
the echoes begin to overlap. The described techniques rely on the
primary surface echo being separable from the interface echo and
any secondary surface echoes. This problem is quite common in
nondestructive testing applications.25;40 Techniques developed to
deal with this problem generally use the cepstrum of the signal
associated with a deconvolution.40¡42 (The complex cepstrum is
de� ned as the inverse Fourier transform of the logarithm of the
complex spectrum of a signal. See Chapter 12 of Ref. 43 for more
details.) Cepstrumtechniqueshavenot, however,proven to beuseful
in our application. We have improved the detection of the primary
surface echo by subtracting out the interface echo before doing the
cross correlation.

Figure3 shows traces from two echoesrecorded0.5 s apart during
a steady-state experiment. The � rst pulse seen in the traces is the
echo from the interface between the buffer rod and the bottom of
the propellant. The second pulse, which is highlighted in Fig. 3, is
the primary echo from the propellant surface: It is this echo that we
are interested in. One can also see a third pulse in the second trace,
which is a secondary echo from the surface. This echo occurs be-
causesomeof theenergyfrom the primaryechodid not pass through
the interface, but rather was re� ected back into the propellant, and
made a second round-trip.

The primary surface echoes from the two traces are separated
out and cross correlated with each other. Figure 4 shows the cross
correlation and its envelope. The time lag between the echoes is

Fig. 3 Ultrasound echoes recorded 0.5 s apart during a steady-state
experiment; primary surface echoes are highlighted.

Fig. 4 Cross correlation and the cross-correlation envelope function
of the two primary surface echoes shown in Fig. 3.

the maximum of the envelope function and is labeled ¿ in Fig. 4.
Figure 4 shows that there is little differencebetween the peak of the
cross correlation and the peak of the envelope function. Figure 5
shows the two primary surface echoes superimposedon each other.
One of the echoes has been shifted by the measured time delay.

Static tests with nonburning propellant samples indicate that the
precision error in a single time delay estimate using the techniques
already outlined, with a center acoustic frequency of 1 MHz and a
sample rate of 25 MHz, is approximately §4 ns, which amounts to
a distance resolution of §8 ¹m. This number is an order of mag-
nitude better than the §80 ¹m quoted earlier in this paper. The
improvement is due to the use of a � tted parabola to � nd the peak.
The resolution can undoubtedlybe improved further by increasing
the sample rate or using more sophisticated digital signal process-
ing techniques.26;44¡46 Note that this number is an indicationof the
signal-to-noiseratio of the measurement and not the measurement’s
ultimateaccuracy.Precision error affects the practicalityof the mea-
surement.The lower theprecision,themore measurementsyou must
take to average out noise. Accuracy, on the other hand, depends on
bias errors in the measurement.

Figure 6 shows data from a 50-Hz experiment. Propellant thick-
ness is shown in Fig. 6a. Figure 6b shows burning rate, which

Fig. 5 Echoes shown in Fig. 3, shifted by the measured time delay.

a)

b)

c)

Fig. 6 Propellant thickness, burning rate, and the power spectral den-
sity of the unsteady component of the propellant thickness.
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was calculated using a differentiation � lter with a cutoff frequency
at 50 Hz. The oscillations are clearly visible in the burning rate.
Figure 6c shows the power spectral density function, which was
calculated directly from a fast Fourier transform without any aver-
aging to improve signal-to-noise ratio, of the unsteady part of the
thickness measurement. The 50-Hz oscillation is clearly visible in
Fig. 6c as well. When moving to higher frequencies, it becomes
much harder to pick out the oscillation in the burning-rate trace
(which is calculated using a differentiation � lter with a higher cut-
off frequency), but it is still easy to see it in the power spectral
density plot.

Response Function Calculation

Calculation of the response function from the measured data re-
quiresestimationof the spectralmagnitudeandphaseof theburning-
rate signal and the pressure signal at the frequency of the test. An
estimate of the response function is obtained by taking the Fourier
transform of the burning rate and dividing by the Fourier transform
of the pressure, that is,

R D .NPr= Np/.G Pr =G p/ (12)

Becauseburningrate is thederivativeofweb thickness,an equivalent
equation is

R D i!.NPr= Np/.G x=G p/ (13)

Pressure Correction

When the combustionchamber is pressurized,the propellantwill
be compressed. This compression will cause a change in the pro-
pellant thickness, as well as a change in the speed of sound. If these
errors are not corrected, they will corrupt the burning-ratemeasure-
ment.

If viscoelasticeffects are ignored at slow timescales, the pressure
effects are relatively easy to correct. For steady-state burning-rate
measurements, pressure effects can be corrected by using an effec-
tive speed of sound ceff , which includes both the compressionof the
propellant and the change in the actual speed of sound. The effec-
tive speed of sound is measured by pressurizing the chamber with
a piece of nonburning propellant in it and recording the change in
round-trip-timeduring the test, that is,

ceff.p/=cr D 1tr =1t. p/ (14)

Then, this effective speed of sound can be used to calculate the web
thickness during the actual tests.

In the oscillatory tests, experimental uncertainty in the measure-
ment of the phase of the pressure and web thickness can introduce
large errors into the pressure correction at high frequencies. Thus,
the corrections for the steady-stateand oscillatoryparts of the pres-
sure are treated separately. The steady-state correction can be per-
formed as alreadyoutlined;oscillatorycorrectionis developednext.

Taking the derivativeof Eq. (1), expandingtime-dependentterms
into steady and unsteady components, and subtracting out the
steady-state ones, we have

Pr 0

NPr
D

c0
eff

Nceff
C

P±0

NP±
C ±

Nceff
NP±

dceff

dt
C

c0
eff

Nceff

P±0

NP±
(15)

where 1t has been rewritten as ±. Note that ±
0
=NP± is what we are

actually measuring. The last term in Eq. (15) is higher order and is
neglected.

We write the change in the effectivespeedof sound in terms of the
pressure, that is, c0

eff=Nceff D .dceff=dp/.p0=Np/. Note that dceff=dp can
be complex,allowingfor viscoelasticeffects.After dividingthrough
by the unsteady pressure, we can write the response function as a
measurement plus a correction:

RPr;p ´
Pr 0=NPr
p0= Np

D i!
± 0=NP±
p0= Np| {z }

measurement

C
³

1 C i!
±

NP±

´
Np

Nceff

dceff

dp
| {z }

correction

(16)

Fig. 7 Real and imaginary part of the measured response function
from a 200-Hz experiment with the UTP propellant 8. Linear � t and
95% con� dence intervals are extrapolated to the burnout time of the
propellant to estimate the actual pressure-corrected response function.

The second term of the correction factor dominates this equation
for most of the experiment.This term includes the quantity±, which
is approximately a linear function of time. Thus, when we look at
the time-resolved response function for an experiment, we would
expect to see a linear decrease with time. The real and imaginary
parts of the measured response function can then be � t to straight
lines. Then the � t can be extrapolated out to when the propellant
burns out, and the term in Eq. (16) proportional to web thickness is
zero.

Data from a 200-Hz experiment are shown in Fig. 7. The time-
resolved real and imaginary parts of the response function are
shown. The linear � t for each is extrapolated out to the burnout
time of the propellant. Because the � ts are calculated from a group
of observations, random error can be estimated from the statistics
of those observations. Thus, the linear � ts provide not only esti-
mated values of the real and imaginary parts of the response func-
tion, but also 95% con� dence intervals for those values. The con� -
dence intervals of the response functionestimates are also shown in
Fig. 7.

Note that this technique does not require the value of
. Np=Nceff/ dceff=dp to be known a priori. This physical property is
determined from the analysis: It is proportional to the slope of the
linear � t. This independence of the propellant properties is advan-
tageous because viscoelastic properties of propellants are notori-
ous for depending on such dif� cult-to-control variables as prior
loading history. Note that it is also unnecessary to determine the
value of ceff to determine the response function, although this value
is still necessary for accurate determination of the mean burning
rate.

The magnitude and the phase of the response function are calcu-
lated from the real and imaginary parts. Estimates of the uncertain-
ties of these values are calculated from the con� dence intervals of
the real and imaginary parts using the following formulas:

±jRj D

p
R2

r .±Rr /2 C R2
i .±Ri /2

jRj
(17)

± arg R D

p
R2

r .±Ri /2 C R2
i .±Rr /2

jRj2
(18)
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Thermal Boundary Layer

The speed of sound is highly dependent on the temperature of
the propellant. Because of this, the thermal boundary layer at the
propellant’s surface,which changes during a burning-rate transient,
can cause systematic errors in the measurement.11 Measuring the
speed of sound in a propellant at high temperatures is not practical.
However, making several assumptions about the behavior of the
propellant properties, we can use properties at lower temperatures
to estimate the properties a higher temperatures. The approximate
thermal pro� le can be calculated assuming one-dimensional heat
conduction in a homogeneous solid with constant properties and a
moving boundary. For the steady-state case,

NT .x=»/ ¡ T0

NTs ¡ T0

D exp

³
x

»

´
(19)

where » D ®=NPr is the characteristic thermal-layer thickness. For the
transient case, the governingequation is nonlinear as a result of the
moving boundary. Thus, no analytical solution is available. How-
ever, we can solve the linearized version to � nd an expression for
thermal pro� le relevant to our oscillatory experiments:

T 0.x=»/ ¡ T0

NTs ¡ T0

D
»

1
¸

exp

³
¸x

»

´
R fs; p C 1

¸2 ¡ ¸

£
µ

1

¸
exp

³
¸x

»

´
¡ exp

³
x

»

´¶
RPr;p

¼
p0 ¡ Np

Np
exp.i!t/ (20)

The parameter¸ is written in termsof thenondimensionalfrequency,
Ä D !®=NPr 2:

¸ D
¡
1 C

p
1 C 4iÄ

¢¯
2 (21)

The R represents frequency-responsefunctions for burning rate and
heat � ux, given here in terms of the “� ame model” parameter set
from a quasi-steady gas-phase and solid-phase reaction layer, ho-
mogeneous, one-dimensional solid (QSHOD)47¡49:

RPr;p ´ .Pr ¡ NPr /=NPr
.p ¡ Np/= Np

D
n AB C ns .¸ ¡ 1/

¸ C A=¸ ¡ .1 C A/ C AB
(22)

R fs;p ´ . fs ¡ Nfs/= Nfs

.p ¡ Np/= Np
D ¡ 1

¸

n AB C ns.¸
2 ¡ 1/ C B¸2.n ¡ ns/

¸ C A=¸ ¡ .1 C A/ C AB

(23)

These expressions are derived in the Appendix. The burning-rate
response RPr;p is measured during our experiment; the heat-� ux re-
sponse R fs;p is not. We would like to put R fs;p in terms of RPr;p , if
possible. If we assume that ns ¼ 0, we � nd that

RPr;p D
n AB

¸ C A=¸ ¡ .1 C A/ C AB
(24)

R fs;p D ¡ 1

¸

n AB.1 C ¸2=A/

¸ C A=¸ ¡ .1 C A/ C AB
D ¡

³
1

¸
C ¸

A

´
R Pr;p (25)

This allows us to calculate the thermal pro� le in the propellant
using the value of the burning-rate-responsefunction and only one
of the QSHOD parameters, A, rather than three. The parameter ns ,
which representsthepressuredependenceof burningrateat constant
surface temperature, has traditionally been considered to be very
small. However, theoretical and experimental evidence supporting
this presumptionis sketchy at best. In light of the approximationwe
have already made that the QSHOD model a suitable representation
of a composite propellant,we feel that the assumption that ns ¼ 0 is

reasonable,especially because this analysis is used only to estimate
error.

Our next task is to estimate the effect of temperatureon the speed
of sound in the propellant. For this analysis, we will assume that
the propellant is a thermorheologically simple material, although
studies have shown that this is not necessarily true.50 When a mate-
rial is thermorheologicallysimple, modulus vs frequency curves at
different temperatures can be collapsed into a single, master curve,
that is, M.!; T / D M.!aT /, where aT is the temperature shift fac-
tor. This phenomenon is known as time–temperature equivalence.
Empirically, aT usually can be � t to the following equation:

log.aT / D ¡
C1.T ¡ Tr /

C2 C .T ¡ Tr /
(26)

This equation is known as the Williams–Landel–Ferry (WLF)
equation (see Refs. 28 and 51). It has been used to correlate exper-
imental data from a wide range of viscoelasticmaterials,28;51¡53 in-
cludingammonium perchlorate (AP)–hydroxyl-terminatedpolybu-
tadiene (HTPB) propellants.29;54;55 From Eq. (3), we see the
dependence of the propagation modulus on the bulk and shear
moduli. Measurements of the shear modulus G.!/ are available
in Ref. 29, but measurements of the bulk modulus K .!/ are not.
We will, thus, assume that the bulk modulus behaves similarly to
the shear modulus:

M.!aT /=Mr ¼ G.!aT /=Gr (27)

The propellantdensitywill changewith temperature,affectingthe
speed of sound and the physical length of the propellant. Because
these effectsare small and tend to cancelout (lowerdensity increases
the speed of sound,but the propellantalso becomes longer), we will
ignore them in this analysis. Thus, to estimate the speed of sound
as a function of temperature, we � rst use Eq. (26) with C1 D 5:1,
C2 D 163 K, and Tr D 296 K (Ref. 29), to calculate the temperature
shift factor aT . Then the bulk longitudinal modulus is estimated
using Eq. (27) and the data for shear modulus at 2% dynamic strain
in Ref. 29. Finally, Eq. (6) is used to calculate the speed of sound.
Speed of sound vs temperature is shown in Fig. 8.

The error in the distance measurement caused by the steady-state
thermal boundary layer can be calculated by integrating the speed
of sound pro� le in the propellant:

±x D »

(Z h=»

0

1
c[T .x=»/]=cr

d

³
x

»

´
¡

h

»

)
(28)

We see that this error is proportional to the thermal boundary-layer
thickness.Thus, it is inverselyproportionalto the burning rate. This
is true regardless of the actual variation of the speed of sound with
temperature. Using the steady-state thermal pro� le [Eq. (19)] and
assuming an initial temperature of 300 K and a surface temperature
of 800 K, we � nd that the error in the distance measurement is
2.72 times the thickness of the thermal layer.

Fig. 8 Estimated speed of sound, normalized to its value at 300 K, vs
temperature for an AP–HTPB propellant.
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Fig. 9 Burning-rate response function measurement error due to the
thermal layer in the propellant (note that error depends on nondimen-
sional frequency, rather than absolute frequency).

Thus, for a monotonic experiments, where the timescale of the
transient is larger than the thermal timescale of the propellant, the
error in the burning rate is

± Pr D
2:72.» f ¡ »i /

transient timescale
(29)

To estimate the error in a response function measurement, we
againuse Eq. (28)with the thermalpro� le givenby Eq. (20). We cal-
culate the amplitude of ±x as a function of frequency.The burning-
rate error is then determined by taking a derivative with respect to
time. Response function measurement error using a surface tem-
perature of 800 K and an initial temperature of 300 K is shown in
Fig. 9 as a function of frequency and the parameter A. The values
of A that are shown are consistent with the burning-rate and sur-
face temperature measurements made by Mench et al.56 Note that
the error is a function of nondimensionalfrequency,Ä D 2¼ f ®=Pr 2.
Thus, error is determined by a combination of frequency and burn-
ing rate, rather than just frequency.These results are consistentwith
those of other researchers.12

Surface Roughness

The veracity of the ultrasound measurement for transient burn-
ing rates of composite propellants is sometimes questioned (e.g.,
Ref. 57) because of the requirement that the technique measure
changes in the length of the propellant that are smaller than the sur-
face roughnessof the propellant.This questionarisespartlybecause
of the ambiguityin specifyingthe lengthof somethingthat has rough
ends. In regards to our experiment, this is a moot point because we
are interested in changes in the length, not absolute length. In prin-
ciple, there is no uncertainty in specifying the change in position
of any surface, no matter how rough, as long as the structure of the
surface does not change.

Problems arise because the surface structure of the propellant
does change during transients, at least in some cases. There are cur-
rently no models that can predict the evolution of surface structure
during nonsteadyburning.The best we can do is make some general
statements about the nature of surface roughnesseffects on acoustic
wave re� ection.

The interaction of an acoustic wave with a rough surface will
be highly dependent on the ratio of the acoustic wavelength to
the roughness length scale. Our experiment operates in a regime
where the wavelength of the ultrasound (2 mm) is much greater
than the scale of the surface roughness (assumed to be on the or-
der of the oxidizer particle size, 200 ¹m). The rough surface thus
appears to be smooth to the acoustic wave and will not affect the
measurement very much. One research group has used computer
simulations to look at roughness effects on propellant burning rate
measurements.58 Their results primarily concern cases where the
scale of roughness on the propellant surface is much larger than
200 ¹m. Also, the results are presented in terms of the effect on
the zero crossing of the ultrasoundsignal and are, thus, not directly
applicable to our experiments because we use cross correlation.

Fig. 10 Schematic of oscillatory burner.

Another point is that our experimentuses unfocused transducers.
The measurement is made over a surface approximately 2.5 cm
(1 in.) in diameter. This helps make the technique insensitive to
local changes in the topology of the propellant surface because the
measurement is essentially averaged over that area.

Experimental Apparatus

Our oscillatoryburner (Fig. 10) is a rotatingvalvedesignbasedon
that developed at United Technologies Chemical Systems Division
(CSD).59;60 The main difference is that our con� guration is an end
burner, whereas CSD uses a cylindrical grain. Our propellant sam-
ple is approximately 32 £ 32 mm (1.25 £ 1.25 in.). The ultrasound
transducersits beneaththe propellantsample.The motor is designed
to operate at pressures up to 204 atm (3000 psi). Control over the
average chamber pressureand the amplitude of the pressureoscilla-
tions is accomplished by varying the sizes of the constant-areaand
variable-area nozzles. Oscillation amplitude can also be increased
by inserting a sleeve into the chamber, reducing its internal volume.
Maximum oscillation frequency with the current motor and pulley
setup is approximately 600 Hz. More details of the experimental
setup are available in Refs. 61 and 62.

Summary of Data Reduction Procedure

The frequency of a test is measured by looking at the power
spectrum of the pressure record from that test. The error in the
reported frequency is §0.04 Hz.

The response function is determined from the pressure and pro-
pellant thickness data using the following procedure:

1) The slowly varying steady-statepart of the pressureand thick-
ness are determined as functions of time by applying a low-pass
digital � lter with a cutoff frequency of 5 Hz.

2) The mean pressure is calculated from the � ltered data.
3) The mean burning rate is calculated from the slope of a linear

regression of the web thickness data. This burning rate is generally
not corrected for mean pressure effects on the effective speed of
sound ceff because these effects do not change the measured value
of the response function.

4) The unsteady part of pressure and thickness are obtained by
subtracting the steady-state part from the original data.

5) A discrete Fourier transform is applied to the unsteady data at
the frequencyof interest. A moving window, 0.1 s in width, is used
to calculate the time-resolved spectral power.
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6) The time-resolved response function is calculated using
Eq. (13).

7) The values of the real and imaginary part of the response
function are calculated from the data using the linear curve-� tting
technique described earlier.

When more than one test has been run under a given set of con-
ditions, the data points are averaged to get a better estimate of the
response function at those conditions. The individual experiments
are weighted inversely to their error, so that the good experiments
have more weight than the bad:

hRi D 6.R=±R/

6.1=±R/
(30)

The error in the weighted average is estimated by taking a weighted
average of the errors of the individual experiments and dividing by
the square root of the number of experiments. This estimate turns
out to be the harmonic mean of the individual errors:

h±Ri D
p

N

6.1=±R/
(31)

Results and Discussion
Three propellantsmanufacturedby Thiokol Corporation and one

propellantmanufacturedby United Technologies CSD were tested.
The formulations of these propellants are shown in Table 1. The
response function data are plotted in terms of nondimensional
frequency, Ä D 2¼ f ®=NPr 2, where f is dimensional frequency in
hertz and ® is the thermal diffusivity of the propellant. We used
® D 1:2 £ 10¡3 cm2/s and ® D 1:5 £ 10¡3 cm2/s for the nonalu-
minized and aluminized propellants, respectively.63 The actual fre-
quenciesof the tests shown ranged from 20 to 300 Hz. The unsteady
pressure amplitude was typically between 1 and 5% of the mean
pressure, although the amplitude was between 6 and 8% for a few
of the tests reported here. Filled symbols in Figs. 12–15 denote in-
dividual experiments, whereas open symbols denote averages. The
data shown in Figs. 11–15 is tabulated in Ref. 62.

Figure 11 shows the mean burning rates from all of the oscilla-
tory tests of Thiokol propellant 10, the nonaluminized propellant.
The error bars on the plot represent the statistical uncertainties in
obtaining mean values from oscillating signals. These data show
good agreement with strand-burner data from Thiokol. Measuring
the steady-stateburning rate of the propellantgives us an important
cross check to ensure that the experiment was operating properly.

Table 1 Propellant formulations tested

Designation AP Aluminum Binder Curative

Thiokol 10 55% 200¹m/33% 2¹m 0% HTPB DDI
Thiokol 1a 39% 200¹m/31% 2¹m 15% 100¹m HTPB DDI
Thiokol 2 44% 200¹m/26% 2¹m 15% 100¹m HTPB IPDI
UTP 8 41% 200¹m/28% 2¹m 19% 25¹m HTPB DDI

Fig. 11 Measurements of mean burning rate of Thiokol propellant 10
during the oscillatory experiments. Data show good agreement with
measurements of the steady-state burning rate made by Thiokol using
a strand burner.

Fig. 12 Response function measurements for Thiokol propellant 10.

Fig. 13 Response function measurements for Thiokol propellant 1a.

Figure 12 shows response function magnitude for Thiokol pro-
pellant 10 in two pressure ranges: 15–26 atm and 80–90 atm. The
tests show reasonable repeatability, even at high frequency. The
results also demonstrate that the measurement technique can dis-
tinguish differences in propellant response function under different
operatingconditions.The responseis noticeablyhigherat the higher
pressure.

Figure 13 shows the response function for Thiokol propellant 1a.
These data are compared with measurements made using a mag-
netic � owmeter20;64 at Pennsylvania State University. The mag-
netic � owmeter directly measures the propellants’s acoustic admit-
tance(nondimensionalacousticpressuredividedbynondimensional
acoustic velocity) as a function of distance above the propellant’s
surface. The acoustic velocity is determined by imposing a strong
magnetic � eld across the combustion products, which are electri-
cally conductive, and measuring the electric potential. Acoustic



MURPHY AND KRIER 649

pressure is measured by a piezoelectric pressure transducer located
the same distanceabove the propellantas the velocitymeasurement.
A one-dimensionallinear acousticanalysisof thecombustioncham-
ber � ow is used to calculate the acoustic admittance at the surface
of the propellant from the measurementsmade above the propellant
surface. Pressure-coupledburning-rate responses can be calculated
from the acoustic admittance.The response function measured with
our ultrasound technique agree with the measurements made with
the magnetic � owmeter.

The data for the real part of the response shown in Fig. 13 are
also comparedto measurementsmade with a T-burner21 at the Naval
Air Warfare Center in China Lake, California. The results are not
inconsistentwith each other. The ultrasounddata show a sharp drop
in the real part of the response around a nondimensional frequency
of 13. Laser-recoil measurements (currently unpublished) made by

Fig. 14 Response function measurements for Thiokol propellant 2.

Fig. 15 Response function measurements for United Technologies
CSD propellant 8 at two operating pressures.

Brewster at the University of Illinois show a similar drop in the real
part of the response for this particular propellant. More tests need
to be conducted to verify this characteristic.

Data for two other aluminized propellants are shown last. Fig-
ure 14 shows response measurements for Thiokol propellant 2,
which is a variation of Thiokol propellant 1a with isophorone di-
isocyanate (IPDI) used in place of dimeryl diisocyanate (DDI) as
the curative. The United Technologies propellant (UTP), shown in
Fig. 15, was tested at two different pressures: 20 and 70 atm. The
results show a marked increase in the measured response function
at higher pressure.

The most striking feature of the data is the large error bars shown
on some of the measurements.These error bars are an indicationof
the precision of the measurement, rather than the accuracy. Thus,
their size can be reduced as much as is desired by performing more
experiments. There are practical limitations, of course. One can re-
duce the error by a factorof 100 by performing10,000 experiments,
but this is hardly reasonable.

More troublingis the bias error resulting from the thermal bound-
ary layer in the propellant. This error can be very large, more than
doubling the measured response function. Thermal boundary-layer
error is also the most likely explanation for the rather high values
of the real part of the response function (5–10) shown in Figs. 14
and 15. For some applications, such as comparing two propellants
with similar material properties, this may not be an issue. Other
applications, such as predicting rocket motor stability, will be very
sensitive to this error. It appears that actually correcting this error
in the measurements would require the use of a material properties
model of the propellant.

Conclusions
We have demonstrated the use of ultrasound to measure the

pressure-coupled burning-rate response functions of solid-rocket
propellants at frequenciesup to 300 Hz.

Cross correlation is an accurate, robust method for determining
the round-trip time of the ultrasound echo. If the propellant is dis-
persive at the ultrasound frequencies used, the envelope function
of the cross correlation is a more accurate technique than straight
cross correlation. We have found, however, that using the envelope
function is less robust. Locating the peak in the cross correlation is
subjected to bias errors. Thus, care must be exercised when using
these techniques.

The burning-rate measurement must be corrected for compres-
sion caused by the chamber pressure. When conducting response
function measurement experiments, the error term is proportional
to the propellant thickness. This linearity of the error term can be
exploited to correct the measurement for the effects of compression
without a priori determinationof the propellant acoustic properties.

The effects of the thermal boundary layer on the measurement
were quanti� ed. The measured response function can be twice as
much as the actual response function due to this error. Because
this error is a bias error, however, response function comparisons
among propellants with similar material properties remain valid.
Other phenomenathat can distort the measurements,such as surface
roughness, remain unquanti� ed.

The ultrasound technique has a low signal-to-noise ratio, some-
times resulting in large (>100%) precision errors. These errors are
especially evident at higher frequencies, due to the smaller ampli-
tude of the pressure oscillations in our chamber. Although these
errors can be reduced by performing multiple experiments, they
limit the practicalityof the technique.Ultrasoundappears to be best
suited for making response functionmeasurements at relatively low
frequencies (<200 Hz). Because this frequency range is below the
minimum frequency at which response function measurements are
usuallymade, opportunitiesfor comparisonof ultrasoundwith these
other techiques are limited.

Appendix: Derivation of QSHOD Response Functions
We present a brief derivation of the linear QSHOD frequency-

response functions for burning rate and heat � ux. The burning
rate response function derivation appears quite frequently in the
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literature (Refs. 47 and 48, for example). The heat � ux response
function, however, does not. Thus, we derive both here for com-
pleteness. In general, a linear response function represents the so-
lution to a system of linear algebraic equations.49;65 This system of
equations can be represented formally as

g1.Ts; Ti ; fs ; Pr; p/ D 0; g2.Ts; Ti ; fs; Pr; p/ D 0

g3.Ts; Ti ; fs; Pr; p/ D 0 (A1)

where Ts is surface temperature, Ti is initial temperature, and fs is
surface heat � ux. These equationsare the solutions to the partial dif-
ferential equations that describe the propellant.The three equations
loosely correspond to solutions of the condensed-phaseheat trans-
fer, condensed-phase reaction layer, and gas-phase equations. We
assume that the gas phase is quasi-steady,so that unsteady heat � ux
can be related to a steady-state heat � ux at a different surface tem-
perature, burning rate, and initial temperature using the following
equation49;65:

Pr 0

NPr
¡

f 0
s

Nfs

C
T 0

s ¡ T 0
i

NTs ¡ NTi
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Pr 0

NPr

³
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´
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The system of equations shown in Eq. (A1) is linearized and
written in matrix form:
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The parameter ¸ is the eigenvalue from the solution to the transient
heat equation in the solid. It is de� ned in Eq. (21). The parameters
A, B, n, and ns are de� ned in terms of partial differentials of the
dependent and independentvariables:
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The responsefunctionscan be calculatedby puttingEq. (A3) into
row echelon form, using elementary row and column operations66:
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We can then read the response functions that we need from the
right-hand column:

RPr;p D
n AB C ns.¸ ¡ 1/

¸ C A=¸ ¡ .A C 1/ C AB
(A7)

R fs;p D ¡ 1

¸

n AB C ns.¸
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(A8)
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